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This study utilizes computations based on soft-particle discrete element method for investigating
the scaling of velocity in a two-dimensional silo draining under gravity. We focus on the region
situated directly above and in proximity to the outlet, referred to as the region of orifice influence
(ROI). The velocity at the exit scales with the outlet size, in agreement with previous studies. The
velocity in the ROI upstream of the outlet, however, does not collapse to a single curve when scaled
with the outlet size. We show that the height of an equi-inertial curve, which is defined to be a
curve on which the inertial number is constant, can be employed for scaling the velocity in the ROI.
The velocity corresponding to an equi-inertial curve, when measured relative to the outlet velocity,
is considered for scaling. Results show that the scaling holds very well for low inertial number
corresponding to the dense flow regime, whereas it breaks down for high inertial number region.
I. INTRODUCTION
Silos are commonly utilized for storing particulate ma-
terials and occupy an important place in several indus-
trial applications. Typically, the silos are emptied by
allowing the grains to exit under gravity through an
opening [1–3]. Granular materials draining under grav-
ity through an outlet located at the base of a silo exhibit
a variety of flow features, which have been the subject
of intensive research for decades [2–16], and a general
consensus on many issues is yet to be attained.
One of the primary concerns is the development of a
robust mass flow rate correlation for the flow of granular
media through an orifice [3, 9, 12, 17–21]. A widely-
known mass flow rate correlation was given by Beverloo
et al. [17], which may also be obtained by utilizing the di-
mensional analysis. Beverloo expression has been tested
in a variety of situations where the silo discharge is in the
continuous flow regime [8, 22–24]. Later, an exponential
correction was proposed by Mankoc et al. [18], catering to
a wide spectrum of orifice size. An experimental study
of Janda et al. [9] in a two-dimensional silo, aiming to
derive an expression for the mass flow rate, reported the
appearance of self-similar velocity and density profiles at
the outlet in the monodisperse granular flow comprising
1 mm diameter stainless steel beads. An important find-
ing was the existence of the scaling of velocity at the exit
while considering the outlet size (D) as a length scale.
This scaling relates well to the notion of free fall arch,
the existence of which is recently questioned by Rubio-
Largo et al. [12].
Gella and co-workers [21] also experimentally obtained
the self-similar velocity profiles and the scaling of veloc-
ity with D, at the outlet, in the monodisperse granular
flow with larger particle size in a quasi two-dimensional
silo, in line with what Janda et al. [9] reported. The
self-similar velocity profiles have also been recovered nu-
merically by Zhou et al. [25] using the discrete particle
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computations for monodisperse and bidisperse granular
media in a planar silo. Recently, an experimental investi-
gation of Fullard et al. [26] presented the scaling of veloc-
ity with the flow rate in the steady and transient states in
a three-dimensional gravity-induced silo discharge. Their
analysis, utilizing Particle Image Velocimetry, was quasi
two-dimensional as the scaling was based on the veloc-
ities of particles accessed through one side-wall of the
silo. A flow-rate dependent velocity scaling is reported
at locations situated away from the orifice in the region
of small inertial number [27, 28].
In light of the above and considering substantial varia-
tion in flow characteristics as grains approach the outlet
[10, 23], a question which arises is whether orifice size,
D, can scale the velocities in the region situated directly
above and close to the outlet. The objective of this work
is, therefore, to examine velocity scaling in proximity to
the orifice in a two-dimensional silo draining under grav-
ity, employing computations based on soft-particle dis-
crete element method [29, 30]. The paper is organized as
follows. Section II details the computational methodol-
ogy and simulation set-up. Results are provided in Sec.
III, followed by concluding remarks in Sec. IV.
II. COMPUTATIONAL DETAILS
Computations are carried out by utilizing the soft-
particle discrete element method [29, 30] for simulating
the granular flow in a two-dimensional silo; a typical
snapshot is displayed in Fig. 1. The silo operates in the
continuous-discharge mode in which the exited grains are
reinserted into the system at random horizontal locations
above the top layer with zero velocity, thereby maintain-
ing a constant fill height. This set-up achieves a steady
state for longer duration, providing a large statistics for
averaging.
The grains are considered to be dry, non-cohesive and
deformable disks of density ρ and mean diameter d, with
a size polydispersity of ±10% so as to avoid crystalliza-
tion and its possible consequences on the flow [31]. The
disks are inelastic and frictional. The interaction between
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FIG. 1. A simulation snapshot of granular discharge in a
two-dimensional silo for initial fill height H = 50d; the fill
heights up to seven times of it are considered in this study
as mentioned in the text. Coordinate axes and direction of
gravitational acceleration g are indicated appropriately. The
reinserted grains are shown in green color at the top.
the grains is modelled through linear spring-dashpot
force scheme, with an impact velocity-independent resti-
tution coefficient [29, 30, 32, 33]. The friction during
contact between the grains is incorporated by employ-
ing the Coulomb friction criterion [33]. The same force
scheme is employed for interaction between the walls and
grains; the details of the force model are provided else-
where [34, 35].
Six different orifice size D are used, varying between
9d and 14d in increments of one mean particle diameter,
d. The outlet size is taken to be larger than 6d so as
to avoid jamming due to the formation of a stable arch
across the orifice [18, 36, 37]. The silo width W is kept
fixed at 40d, ensuring no effect of the side-walls on the
flow adjacent to the outlet for the chosen range of D, i.e.,
W > 2.5D [3, 10]. Fill height H of the grains is varied
between 50d and 350d in steps of 50d. The number of
particles N corresponding to the fill height are given in
the format [H : N ] as follows: [50d : 2150]; [100d : 4300];
[150d : 6505]; [200d : 8700]; [250d : 10920]; [300d : 13160]
and [350d : 15345].
All quantities of interest are made non-dimensional
with mean diameter d, density ρ and gravitational accel-
eration g. The simulations are carried out with normal
spring stiffness kn = 10
6, whereas no spring is consid-
ered for tangential direction, i.e., tangential spring stiff-
ness kt = 0. The restitution and friction coefficients be-
tween the contacting grains are ep = 0.9 and µp = 0.4,
respectively. The same values are used for wall-grain in-
teractions, i.e., ew = 0.9 and µw = 0.4. The equations of
motion are integrated by employing the velocity-Verlet
algorithm [38, 39] with an integration time step equal to
δt = 10−4.
The data reported in this study are recorded after
achieving the steady state and averaged over 50 simu-
lation runs, with every simulation begins with a different
initial configuration and runs for one million time steps.
The averaging scheme employs coarse-graining technique
[40–42], utilizing a Heaviside step function with coarse-
grained width w equal to mean particle diameter d. The
x and y components of mean translational velocity vector
v at the center of a bin are calculated as, respectively,
vx =
1
Nb
Nb∑
i=1
uxi, (1)
vy =
1
Nb
Nb∑
i=1
uyi, (2)
where uxi and uyi are the components of instantaneous
velocity vector u of particle i along x and y directions, re-
spectively, and Nb is the number of particles lying within
w/2 distance from the bin center such that |xi−xb| ≤ w/2
and |yi − yb| ≤ w/2, and ri=(xi, yi) and rb=(xb, yb) are
the coordinates of particle i and bin center, respectively.
The total stress tensor σ = σc + σs is computed con-
sidering the collisional (σc) and streaming (σs) stress
contributions [35, 43]. The streaming stress component
is calculated by ensuring that the fluctuation velocity is
independent of the bin size, following Artoni and Richard
[42].
III. RESULTS AND DISCUSSION
A. Region of Orifice Influence
We first present the variation of the magnitude of mean
velocity at the outlet, vo, with x for all fill heights for
D = 14 in Fig. 2, where x = 2x/D. The results ob-
tained are qualitatively similar for all orifice sizes. We
observe in Fig. 2 that, for a given H, the velocity vo in-
creases towards the center and attains a maximum value,
which is consistent with the reported experimental find-
ings [9, 21]. Also, at a fixed x, vo rises as H increases and
becomes nearly constant beyond H = 200. Accordingly,
our subsequent discussion is based on the system with
H = 250.
As mentioned in the Introduction, we intend to study
granular flow adjacent to the orifice. It is, therefore, es-
sential to explore the region wherein the orifice signifi-
cantly affects the flow. To this end, we examine spatial
distribution of mean velocity v for D = 14 in Fig. 3(a).
As expected, the velocity is larger in the region located
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FIG. 2. Horizontal profiles of the magnitude of mean velocity
at the outlet, vo, for different fill heights for D = 14. Error
bars, based on the standard error [44], are not shown due to
their size smaller than the symbols.
upstream of the orifice in its vicinity and lowest adjacent
to the base and side walls, consistent with earlier investi-
gations [11, 23]. The velocity becomes roughly constant
upstream of the flow and varies significantly adjacent to
the outlet, which is clearly demonstrated by the stream-
lines that are nearly straight far away from the orifice
and converge into the outlet. In order to further high-
light the flow condition near the orifice, Fig. 3(b) presents
the spatial distribution of inertial number [27, 28, 45]
I = γ˙d/
√
P/ρ, where P is the pressure given by the trace
of stress tensor σ, and γ˙ = (2D : D)1/2 is the shear rate
with D = (Gs +G
T
s )/2 being the symmetric part of the
traceless velocity gradient tensorGs = [∇v−(∇·v) I/2].
The dense (I = (10−3, 0.1]) and rapid (I > 0.1) flow
regimes are shown corresponding to the range of iner-
tial number given by da Cruz et al. [27]. The rapid flow
regime occurs in proximity to the orifice and largely con-
fined within the central domain, the region enclosed be-
tween the dashed lines shown in Fig. 3(b).
In light of the above, the region wherein the effect of
the orifice is predominant is labelled as Region of Orifice
Influence (ROI), spreading largely within the central do-
main and located directly above the outlet. The vertical
extent of the ROI from the orifice may be estimated as
the height beyond which mean velocity becomes almost
constant, i.e., streamlines become straight. Hereafter, we
focus our discussion on the flow in the ROI. Note that,
for a given orifice size, the left and right boundaries of the
central domain correspond to x = −1 and 1, respectively.
I > 0.1 I <= 10-3  I = (10-3, 0.1]
 (b)
 (a)
FIG. 3. (a) Spatial map of the magnitude of mean velocity v,
and streamlines. (b) Spatial distribution of inertial number I.
A few points shown near the top correspond to I ≤ 10−3 , de-
noting the quasi-static flow regime. Color scales are provided
appropriately for each distribution. The data are considered
for D = 14 and H = 250, while displayed for clarity upto
y = 50.
B. Velocity scaling
We first examine the scaling of vo considering D as a
length scale. Fig. 4(a) shows the variation of vo with x
for different D. Expectedly, at a given x, vo increases as
the orifice widens. For a fixed orifice size, the velocity
rises with x and attains a maximum value at the center.
The variation of scaled velocity vo with x is presented in
Fig. 4(b), where vo = vo/(gD)
1/2. The velocity profiles
are self-similar as the data corresponding to different D
collapse onto a single curve, in notable agreement with
what is reported in experiments [9, 21] and simulations
[25].
Let us further examine whether D can serve as a length
scale for scaling the velocities in the region upstream of
the orifice. To this end, for the sake of simplicity and
iv
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FIG. 4. Variation of (a) vo and (b) vo with x for different
outlet size D. Legend for both plots is given in (b). Error bars
are not displayed due to their size smaller than the symbols.
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FIG. 5. Variation of scaled velocity v with y for different D
at x = 0. Legend is provided in Fig. 4(b). Inset shows the
variation of v, at x = 0, with y for a small region spanning
upto 5 particle diameter. Error bars are smaller than the
symbols, thus, not shown.
without loss of generality, we consider variation of scaled
velocity v along vertical direction y at x = 0 as presented
in Fig. 5, where v = v/(gD)1/2. The data for v corre-
sponding to different D lie on distinct curves as we move
away from the orifice center along y direction. In fact,
as the inset in Fig. 5 displays, the scaling breaks down
within the height of one particle diameter. Thus, in the
absence of velocity scaling with D, a natural question one
could ask about the existence of a parameter capable of
scaling the velocities in the ROI.
One such parameter may be the vertical location, he,
of an equi-inertial curve, which may be defined as a curve
corresponding to a constant inertial number. The height
he is measured vertically from the outlet, and may have
a dependence on x, i.e., he = he(x), given the varia-
tion of inertial number I with x in Figs. 6(a) and 6(b)
for several vertical locations. The inertial number varies
considerably with x at the locations (y) close to the out-
let, whereas I is nearly independent of x in the region far
away from the outlet, similar to the case of mean velocity
and streamlines in Fig. 3(a).
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FIG. 6. Variation of inertial number I with x in the central
domain for different vertical locations y. Error bars are not
displayed due to their size smaller than the symbols.
We further notice in Fig. 6 that I decreases monoton-
ically as we travel upstream of the flow. For the sake of
simplicity and without loss of generality, we consider a
few values of I in order to locate the equi-inertial curves,
vand accordingly velocity scaling will be examined in the
ROI. Here, we consider the following ten values of I =
{0.0015, 0.0025, 0.005, 0.01, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3}.
For brevity, the results are presented for
I = {0.0015, 0.1, 0.3}. These three I values are
chosen so as to focus on three different flow regimes
based on the range of inertial number [27], as discussed
in Sec. III A, where I = 0.3 and 0.1 correspond to the
rapid flow and dense flow regimes, respectively, and
I = 0.0015 lies close to the quasi-static regime. From
now onwards, the argument of he is omitted for brevity.
Figs. 7(a)-7(c) show the variation of he with x for three
I values and six outlet sizes. As evidenced in Fig. 7(a),
for a given D, he is roughly constant in the ROI for I =
0.0015, whereas it varies significantly with x for I = 0.1
and reaches a maximum value in the center as shown
in Fig. 7(b). Moreover, he increases with D at a given
x. The mean velocity at an equi-inertial curve, ve, is
obtained and its variation with x for three I values for
different D are shown in Figs. 7(d)-7(f). For all three
scenarios, at a given x, ve rises as the orifice widens. The
behaviour of ve relates well with he for I = 0.0015 and
0.1, however, the situation is quite opposite for I = 0.3
(cf. Figs. 7(c) and 7(f)).
We now examine the scaling of ve with he and D. The
variation of scaled velocities, vˆe and ve, with x for three
I values and six outlet sizes are shown in Fig. 8, where
vˆe = ve/(ghe)
1/2 and ve = ve/(gD)
1/2. It is clear that
neither he nor D scale ve, given the absence of data col-
lapse onto a single curve for different orifice sizes. The
latter is expected in light of what is observed in Fig. 5,
and the former signifies that the grains do not fall freely
under gravity in the region of orifice influence, otherwise,
ve would possibly have scaled with he according to purely
kinematic arguments. It is noteworthy, in passing, that
even though the behaviours of he and ve are quite op-
posite for I = 0.3, the variation of vˆe is similar for all
six outlet sizes, as shown in Fig. 8(c). In the absence of
obtaining the scaling of ve with he, we examine next the
scaling of relative velocity vr = ve − vo, i.e., the velocity
at an equi-inertial curve with reference to the velocity at
the outlet vo, with he and D.
Fig. 9 shows the variation of vˆr with x for three I val-
ues and different outlet sizes, where vˆr = |vr|/(ghe)1/2
and | · | denotes the absolute value. The data collapse
very well for I = 0.0015, and the scaling tends to break
down for I = 0.3. This observation indicates that the
scaling holds well for equi-inertial curves corresponding
to low I values. In order to highlight this without loss of
generality, the variation of vˆr at x = 0 with I for differ-
ent D is displayed in Fig. 10, which demonstrates that he
scales vr very well for low I values. Further, it is worth
emphasizing that the collapse is, nevertheless, non-trivial
in light of the dissimilar shapes of velocity profiles at the
outlet and equi-inertial curve (cf. Figs. 4(a) and 7(d)).
Graphs displaying the velocity scaling for other I values
are provided in the Supplementary Material [46]. It is
important to note that such a good collapse is not ob-
tained considering D as a length scale for the scaling of
relative velocity, which is demonstrated in the insets of
Fig. 9 displaying the variation of vr with x for various
orifice sizes, where vr = |vr|/(gD)1/2. Further, the dis-
parity observed in the curves in the middle portion of the
central domain increases for higher inertial number, sim-
ilar to what occurs for vˆr (see Supplementary Material
[46]).
IV. CONCLUSIONS
This study presents a detailed analysis based on soft-
particle discrete element computations for investigating
the scaling of velocity in the region of orifice influence
(ROI), located directly above and in the neighbourhood
of the outlet in a two-dimensional silo discharging under
gravity. The velocity at the outlet, vo, scales with the
orifice size, in striking agreement with the reported ex-
periments [9, 21] and discrete particle computations [25].
However, no such scaling is obtained for the velocities in
the region of orifice influence, while moving upstream of
the orifice.
A possible choice for scaling the velocities in the ROI
is the vertical location (he), measured from the orifice,
of an equi-inertial curve on which the inertial number
is constant. While considering, separately, he and the
outlet size for the scaling, the velocities corresponding
to equi-inertial curves, ve, for all six outlets do not col-
lapse onto a single curve. The relative velocity vr, which
results when ve is measured with reference to vo, scales
very well with he for ve corresponding to low inertial
number belonging to the dense flow regime. However,
no such scaling is obtained for ve corresponding to the
equi-inertial curves for high inertial number in the region
located close to the outlet. Further, vr does not scale well
with the outlet size, suggesting the relevance of he for the
scaling of velocities in the region of orifice influence.
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values. Data are presented for six different outlets. Legend for all plots is given in (a). Error bars are not displayed due to
their size smaller than symbols.
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FIG. 12. (a)-(d) Variation of relative scaled velocity vˆr with x for four different I values. (e)-(h) Variation of vr with x for four
different I values. Data are presented for six different outlets. Legend for all plots is given in (a). Error bars are not shown
due to their size smaller than symbols.
